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Introduction.
Two major classes of incommensurate systems have been studied in the literature, namely the modulated crystals and the quasi-crystals. Both can be described as cuts of higher-dimensional periodic structures [1] . They differ significantly in the behaviour under a phason mode. When such a mode passes through a modulated crystal, as a rule the atoms move continuously, whereas in the classical quasi-crystal models [2, 3] many atoms perform discontinuous jumps. Until recently it was believed that a continuous motion under a phason mode is not compatible with icosahedral symmetry [4] . But"Kalugin and Levitov reported a counterexample [5] , . and soon afterwards Levitov constructed an infinite family of icosahedral quasi-crystals with continuous phason modes [6] . His model consists of 60 perfect periodic lattices related through the symmetry operations of the icosahedral group. He showed that it is possible to fulfil the hard-core condition, i.e. to maintain a finite distance between the atoms, even without adding a modulation. In this letter we show that among Levitov's models there is essentially one consisting of five lattices only and having maximal interatomic separation. We denote by Y the proper( 1 ) icosahedral group 532 of 60 elements. The minimal dimension for periodic systems which possess Y as point group is six. So we commence with ( 1 ) No use is made of Y 1 = 53(2/m), which contains the inversion operation. As seems evident (and can be shown for our special model, but no general proof has been published yet) this symmetry does not permit structures with continuous phasons and hard cores. a :.simp1e cubic lattice G 6 in six-dimensional space R 6 , endow it with a basis of threedimensional atomic surfaces and cut it with a three-dimensional plane to arrive at the quasiperiodic three-dimensional structure [7] . The six-dimensional space group is supposed to be icosahedral and symmorphic (for a full classification of the icosahedral space groups in R 6 see [8] All these points together form a three-dimensional Bravais lattice.
When JA is rotated by an element g e Y, or shifted by a six-dimensionallattice vector, the result also is an admissible atomic surface due to the icosahedral space group symmetry. So in general the quasi-crystal consists of 60 different interpenetrating lattices [5, 6] . This number reduces, however, if JA is left invariant as a whole by a subgroup of Y up to a shift vector out of the lattice G
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• The reduction is maximal, if this subgroup is a maximal one of Y, namely a tetrahedral group T. As is well known, Y contains five such subgroups, and we will identify one of them with T.
A necessary condition for the invariance is that AD# = D~A for all g e T. For the special orthonormal bases of E 11 and Ej_ introduced in [9] , namely along the directions of twofold rotation axes of D~ and Dt, respectively, we have Dt = n; for all geT. Since the matrices D~, g e T form an irreducible representation ofT, we conclude from Schur's lemma that A is a multiple of the unit matrix, i.e. A= AA 1.
We start with JA and act on it with the elements of the tetrahedral group T. Since T is a group of order 12, in general we obtain 12 different atomic surfaces, which for the above choice of A are all parallel. The three-dimensional cut yields 12 parallel cubic lattices. To reduce this number a 11 has to be chosen on a symmetry axis of the tetrahedral group. The most symmetrical point is a 11 = 0, but conflicts with the hard-core condition. An explicit calculation of the separations of the atomic planes in six dimensions yields intersections, if we place a 11 on a twofold axis ofT, so this choice also has to be excluded. To arrive at a threedimensional structure with less than 5 x 12 parallel lattices, the only possible choice is a shift vector a 11 situated on a threefold axis of T. Without loss of g~nerality we can set a 11 = t.t(1, 1, 1). Now groups of three lattices coincide and we are left with four. For full invariance under the icosahedral group, we operate successively with a group element g 6 of order five on our structure and arrive at five groups of four parallel cubic lattices. At this point we still have two parameters free: AA and f.t· (2) 2 ) in .AA merely rescale the three-dimensional structure, so the model is essentially unique.
A further reduction of the number of lattices would only be possible if JA were invariant under the complete icosahedral point group Y (mod G 6 ). But such a situation would lead to a dense point set in three-dimensional space, since then JA is forced to be parallel to E.l..
Thus the requirement that the number of lattices is minimal and that the minimal interatomic distance is maximal singles out one model of the countable infinite family constructed by Levitov [6] .
Properties.
This simple model allows to express explicitly some. important physical properties such as the pair correlation function or the structure factor. where p is the mass density of the structure under consideration. For a monoatomic crystal it is proportional to the density of the difference vectors between arbitrary pairs of atoms in the crystal. For our structure g is the sum of two parts: g = gdisc + Ycont· gdisc is the density of interatomic distance vectors between two atoms that belong both to the same lattice, and as such is a superposition of the pair coiTelation functions for the five Fee-lattices (2):
where for every point set U we defined ov{x):= L o<x-xo).
Ycont is the distribution of the distance vectors between atoms that belong to different ( 2 ) Since A has to describe a lattice plane, not all values of AA are allowed. But it can be shown that the pennissible values are dense in R.
lattices G~. It is not discrete, rather is equally distributed over a decagrid, whose twodimensional planes are parallel to the faces of an icosahedron. The startling presence of a continuous background in the radial distribution function is a generic feature of modulated structures with two or more differently oriented atomic surfaces J' (under the assumption that the cut plane forms irrational angles with the higherdimensional lattice). Through modulation this continuous part may be lowered, but cannot be avoided completely without tearing the surface apart.
3"3. Intensities in reciprocal space. -In contrast to the continuous part of the pair correlation function, its Fourier transform, denoted g, is purely discrete. In a first approximation b is proportional to the intensities of X-ray diffraction experiments. Peaks occur only at points belonging to the BCC-lattices G~* which are reciprocal to the FCClattices G~. Due to intersections of the reciprocal lattices G~*, extinctions and amplifications of peaks occur on the threefold axes of D~. Peaks with odd indices on diagonals of G~* are not present, whereas even indexed peaks have the fourfold intensity.
The peak positions of this structure factor do not match any of the presently observed diffraction patterns. In particular our scheme does not contain the golden number 1" in the shell radii, as is the case for all the measured icosahedral alloys .
. a· 4. Structure factor. -Since the structure factor is essentially the spherical average of the Fourier intensity, it is clear that it also is purely discrete, and that the peak positions are those of an FCC-lattice. Only the intensities of single peaks are altered. To be more precise, peaks with three equal even Miller indices are stronger and those with three equal odd indices are damped or absent. 
Phasons.
If a phason passes through a modulated structure the points of the superspace (R 6 in our case) are shifted perpendicular to the physical space E In this letter we have presented an icosahedral quasi-crystalline structure with the following properties: it consists of five perfect, interpenetrating FCC-lattices, yet there is a minimal separation of 0.289d of the atoms, where d is the FCC-lattice constant. The radial distribution function has the same peaks as for a single FCC-lattice, but with a continuous background. Also the peak positions of the structure factor are those as for a FCC-lattice. The Fourier transform of the pair correlation function, which is observed in diffraction experiments, yields a Bragg pattern with icosahedral symmetry, but is perfectly discrete, in contrast to the standard three-dimensional Penrose pattern, whose diffraction pattern is dense in reciprocal space.
So far we considered structures with a SC-lattice and a symmorphic space group in R 6 only. But the other icosahedral space groups may be considered as subgroups of this one, and hence it is possible to construct five lattice models for all six-dimensional icosahedral space groups, which will be reported elsewhere.
